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INTRODUCTION 
As customary, set 
(a; x), = fi (1 -ax”), 1x1-c 1. 
n=O 
Using the four-square theorem and representation theorems for a* + b2 + 
2c2 + 2dZ and a2 + b* + 3c2 + 3d*, N. Fine [3, pp. 89-901 evaluated three 
very interesting integrals, namely, 
s 
cn (x2; x2)‘,” dx 1 
0 (x;x)f =ii? 
s 
ey.j (x2; x2)“, (x4;x4)4, dx fi =- 
0 (x; x,“, 8 ’ 
and 
I 
P,\‘j (+ x’)z (x6; x”,“, dx 1 
=- 
0 (x; x)“, (x4; x4)“, 3’ 
(0.1) 
(0.2) 
(0.3) 
In this paper, using some identities of Ramanujan, we evaluate two addi- 
tional interesting integrals. In addition, we use the theory of modular forms 
to generalize (0.1). It is unlikely that elegant extensions of (0.2) and (0.3) 
exist. 
For any complex number z, we define a branch of z’ by 
Z’ = (~1’ exp(ir arg(z)), - 72 ,< arg(z) < rr. 
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SECTION 1 
Using the theory of modular forms, we generalize (0.1) in the following 
theorem. 
THEOREM 1. Let k be an integer with jk( < 4, t be any positive integer, 
and b, c, and d be integers satisfying 
bc=kd-4d2- 1, c > 0. (1.1) 
Let z = (k - 8d+ i ,/=)/SC and q = e2nrr. Then 
i 
Y tx’- 1 (x4; x4):-” (x2; x2)‘,” dx 
0 (x; x)*‘+8 
= F [kc-bd(c2- I)]]. (1.2) 
Proof. Using the four-square theorem, 
dfO(mod 4) 
Fine proved that [3, p. 88 3 
Therefore, by (1.3), 
Recall that the Dedekind eta-function is defined by 
9(z) = 91’24(4; 4)m 9 
where q = elnir. Then, from (1.4), we find that 
(1.3) 
(1.4) 
5 
Y t&l 
(1.5) 
0 
266 LIANG-CHENG ZHANG 
It is well known that [4, p. 431 V(T) is a modular form of weight - 4 on 
the modular group f( I), which is given by 
:a,h,c,anddeZ,ad-hc=l 
Furthermore, for Im(t)>O, M=[p i]~f(l), and M(z)=Mz=(at+b)/ 
(~7 + 4, 
where 
r/(Mz) = v,(M)(cz + d)“’ q(t). (1.6) 
if c is even, 
(1.7) 
where (- ) is Jacobi’s symbol [4, p. 511. 
It is easily verified by (1.1 ), that A4 = [ k-;4d f;] E L’( 1) and MT = 42, 
where r = (k - 8d + i Js)/Sc and CT + d = (k + i dD)fS. By 
(1.7), we find that 
v,(M)* = exp F[kc-bd(c2-117). 
Consequently, by (1.6), 
= v&%4)*’ (CT + d)4r 
= exp F[kc-hd(c2- I)]}( 
k+iJs 4r 
g ) . 
Using the equality above in (1.5), we complete the proof of the theorem. 
Inparticular,settingk=O,b= -1,c=l,d=O,andt=lin(1.2),weget 
(0.1). 
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SECTION 2 
The partition function p(n) can be defined by its generating function 
A famous identity of Ramanujan, which plays a key role in one proof of the 
well-known congruence 
p(5n + 4) E 0 (mod 5) 
is given by 
Ramanujan also found, for the “allied function” (x; x)&/(x’; x’)~, the 
identity [ 51 
(x; x,‘, 
= l-5 f 
x5”+’ (5r1+2)x~“+~ 
- 
(x5; x5)- n=O 1 -p+2 
(5n+3)x5"f3 - 
1 -x5n+3 
+(5lz+4)x5"+4 
) 
lmX5n+4 ’ 1x1 < 1. (2.1) 
Employing (2.1), we evaluate the following interesting integral. 
THEOREM 2. Let t be any positive integer and q be a primitive mth root 
of unity, where m is not a multiple of 5. Then 
I 
q tx’-‘(x; x5)2 (x4; x5)2 (x; x)‘, 
0 (x5; x5), (x2; x5,2 (x3; x’)‘k, 
,=(5’(- “)‘, 
where A = (T), the Legendre symbol. 
Proof We can easily find that the right-hand side of (2.1) is equal to 
x; 
( 
logx+5 f (log(l-x~“+‘)-log(l-xS”+*) 
?I=0 
-log(l -xS”+3)+log(l -Xjn+4)) 
1 
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d 
( 
x(x; x5,‘, (2; x5,-: 
= x- log 
dx (2; x5)‘, (9; x5,‘,. > 
= (x2; x5,; (x3; x5,‘, x(x; x’,‘,, (x4; x5,;. 
(x; x5,;, (x4; x5,‘, (x’; x5):< (x3; x5)‘, > ’ 
Hence, we have shown that 
(x; x,; (x; x5,‘, (x4; x5,“,, d x(x; x5)‘, (x4; x5)& 
(x5; x5)x (x2; x5,; (x3; x5)‘, = z (x2; x5,‘, (x3; x5,‘, . (2.2) 
Set 
F,(x) = 
i 
x(x; x5)‘, (x4; x5)‘, 
(x2; x5)‘, (x3; x5)‘, 1 
’ 
. 
Then, by (2.2), 
dF,(x) tx’-‘(x; x5)‘,: (x4; x5); (x; x); 
-= (x5; x5)m (x2; x5,2 (x3; x5)2 . dx 
Consequently, for JzI < 1, 
= Lx-‘(x; 2,; (x4; x’)Z (x; x)‘, 
‘dz) := j. ~~5. x5) ~~2. x5)5r (x3. $)5r dx=Fdz)’ (2.3) 
> cc 3 cc Y’ oc 
The well-known Rogers-Ramanujan continued fraction is given by 
R(q)=l+f+$+<+. . . . 
For lql< 1 Cll, 
R(q) = (q2; q5Lc (q3; A 
(9; q5L (q4; A2 . (2.4) 
Then, by (2.3) and (2.4), 
Z,(z) = zt 
R(Z)Sr. (2.5) 
Schur [6, 71 proved the following result: Let q be a primitive mth root 
of unity. If m E 0 (mod 5), then R(q) diverges. If m $0 (mod 5), R(q) 
converges and 
R(q) = Iq” - AQm)‘5R(A), (2.6) 
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where ;Z = (T), the Legendre symbol, and p is the least positive residue 
of m modulo 5. Note that it is elementary that R(1) = (&+ 1)/2, 
R(-l)=(,/?-1)/2, and 
Set 
R(l)R(-l)=l. (2.7) 
Z,(q) = lim Z,(z). 
z-y 
I-1 < 1 
Then, by (2.5) (2.6) and (2.7) 
qr 
Z,(q) = ~5tq”l -nprqq45t 
= llR( - ,)Sl. (2.8) 
But, by an elementary calculation, 
I 
543-11 
2 ’ 
if ;1= 1, 
lR( -A)’ = 
-5JJ-11 
2 ’ 
if A= -1, 
= 5nJJ-11 
2 . 
Using this calculation in (2.8), we complete the proof. 
COROLLARY 3. Let q be a primitive mth root of unity, where m is not a 
multiple of 5. Let A= (T), the Legendre Symbol. Then 
s 7 x; x5): (x4; x5)2 (x5; x5)“, dx = s&/?-11 2 . 0 (2.9) 
Proof: In Theorem 2, setting t = 1, we find by elementary transforma- 
tions that 
(x; x5)‘, (x4; x5)‘, (x; x)‘, 
(x2; x5)‘, (x3; x5,‘, (x5; x5),, 
= (x; x5); (x4; x5,: (x5; x5)“, . 
This completes the proof. 
409/150/1-18 
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SECTION 3 
In Chapter 17 of his second notebook [2], Ramanujan offers the identity 
(Entry 17, Example iii), 
where 
Using (3.1), we can derive the following integral evaluation. 
THEOREM 4. For any positive integer t and (q) < 1, 
s 
4 21(x4; x4)“, (-x; x’)‘, dx 
= G,(q) - 1, 
0 (x2; x4,“, (x; x2,:, 
where 
Proof: It is clear that the right-hand side of (3.1) is equal to 
1 O” (2n+ 1)x2”+’ 
2 XC n=O 1 --p+1 
+(2n+l)x2”f’ 
1 +xZn+’ > 
=;~~o$(-log(l -x2”+l)+log(l +xZn+‘)) 
=;$ log 
( 
t--x; x2)cc 
k X2)~~ ) 
x (x;x2) =- 
2 ,-x;x,;,3’;;~;‘r)- 
Therefore, by (3.1) and (3.2), 
$ (( -;:;q = ‘““;~c-;p 
2(x4; x4)“, (-x; x2), 
= (x2; x4)“, (x; x2), 
(3.1) 
(3.2) 
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and 
dG,o = 2t(x4; x4)“, (-x; x2)‘, 
dx (x2; x4)“, (x; x2)‘, ’ 
Integrating (3.3) and noting that G,(O) = 1, we complete this proof. 
COROLLARY 5. Let n be any even integer and q = ernr. Then 
s 
g 2t(x4; x4)“, (-xx; x2)‘, dx 
0 (x2; x4)“, (x; x2)‘, 
= 
(n2n++n: 1)-r’2exp( -wnyn+ I’>_ 1, 
if z= 
-n2-n-l+i 
n2+2n+2 ’ 
exp( -irn;+lJ)_l, 
if T= 
-n-l+i 
n2+2n+2’ 
(~~~=:)-“‘~~p(itn(3n2~3n+1))_1; 
- - if (2n2 ‘c= 4n+3)+$i 
2(n2-n+ I) ’ 
(n~_~+l)6zenpjitn(3n2~3n+1))_l, 
if T= 
-2n+l+& 
2(n2-n+ 1) ’ 
exp 
( 
itn( 3n2 + 3n - 1) 
24 > 
_ 1 
, 
if T= 
-2nZ-l+J3i 
2(n*+n+ 1) ’ 
(ni+:+l)-r’2erp(im(3n2~3~-1))_~, 
if z= 
-2n-l+JSi 
2(n”+n+ 1) ’ 
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(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
where (- ) is the Jacobi symbol. 
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Proof: The classical theta-function Q(s) is defined by 
where Im(r)>O and q=e”“. By Jacobi’s triple product identity, from 
(3.10), we find that 
(3.11) 
Since -q = enrcr+ I), replacing z and q by z + 1 and -4, respectively, in 
(3.1 l), we see that 
Q7+ 1)=(q2;q2L! t4;q21;. (3.12) 
Thus 
(3.13) 
It is well known [4, pp. 46511 that e(t) is a modular form of weight 
- 2, ’ with respect to 
l+jM=[; ;] :a,b,c,anddeZ,ad-bc=i, 
[E :]=[A y]or[y -i](mod2)). 
Furthermore, 
B(M7) = v,(M)(c7 + d)“* O(t), MET@, (3.14) 
where 
if brcrl,a=d=O(mod2), 
(3.15) 
if a=d=l,b=c=O(mod2). 
Let M= [z 21 E r, and z be a complex number such that Im(z) > 0 and 
M(7) = z + 1. Let q = errrr. Then, by (3.13) and (3.14), 
G,(q) = vJM)-~” (~7 + d)-r’4. (3.16) 
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For (3.4)-(3.9), we choose 
213 
M= 
[ 
n+l n 
n2+2n+2 I[ n2+n+1 n n2+n+1 ’ n2+2n+2 1 n+l ’ 
[ n n-l IL n2-22n+2 n-l n2-2+1 n2-2n+2 ’ n2-rz++ n 1 ’ 
n n-l 1 [ , and n2 n-l n’+n+l n2 n2+n+1 1 12 ’ 
respectively. It is straightforward to check that in each case ME Te and 
Mz =z + 1. In each case, we determine v,(M) from (3.15). Also, in each 
case, cz + d is easily calculated. Using these values in (3.16) and then using 
(3.16) in Theorem 4, we complete this proof. 
For example, setting n = 0 and t = 1 in (3.4), we find that 
s 
--re-“‘* 2(x4; x4)“, (-x; x2), dx 
=exp(-in/8)- 1. 
0 (x2; x4)“, (x; x2), 
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